Abstract. This paper studies the relationship between L-fuzzy proximities and L-fuzzy topologies by topological fuzzy remote neighborhood systems. We will prove that the category of L-fuzzy topological spaces can be embedded in the category of L-fuzzy quasiproximity spaces as a coreflective full subcategory.
Introduction
Proximity spaces were introduced in 1936 by V. A. Efremovi. Proximity is an important concept in topology and it can be considered either as axiomatizations of geometric notions, close to but quite independent of topology, or as convenient tools for an investigation of topological spaces. Hence proximity has close relation with topology, uniformity and metric. With the development of topology, the theory of proximity makes a massive progress. In the framework of L-topology, many authors generalized the crisp proximity to L-fuzzy setting. For example, in [5] , Ghanim et al. introduced the concept of S-quasi-proximities on [0, 1] X and in [12] , Shi studied S-quasi-proximities on L X and pointwise S-quasi-proximities. Katsaras [8] introduced quasi-proximity in [0,1]-fuzzy set theory. Subsequently, Liu [10] , Artico and Moresco [2] extended it into L-fuzzy set theory. In [15] , Yue extended the proximity theory in L-topology to L-fuzzy topology. see [15] . Motivated by that, in this paper we make a further research on the relationship between L-fuzzy topological spaces and L-fuzzy quasi-proximity spaces.
This paper is organized as follows. In Section 2, we give some concepts and results which will be used in the sequel. In Section 3, the relationship between binary relations and proximities are introduced. It is shown that there is a one-to-one correspondence between equivalence relation and S-proximity. We also give a method to study rough set from proximity. In Section 4, we prove that the category of L-fuzzy topological spaces can be embedded in the category of L-fuzzy quasi-proximity spaces as a coreflective full subcategory.
Preliminaries
In this section, we introduce some concepts of category and also we can not avoid category theory when studying proximities. These definitions and results can be found in [1, 11] .
, where (i) O is a class, whose members are called C-object; (ii) M is morphism class, whose members are called C-morphism; (iii) a composition of morphisms, i.e., for each triple (A, B, C) of objects there is a map
cat2) (Existence of indentities). For each C-object A, there is an identity 1 A such that, for all
Definition 2. A category is called topological if and only if it satisfies the following conditions:
(1) Existence of initial structures. For any set X, any family ((X i , η i )) i∈I of C-objects indexed by a class I and any family (f i : X → X i ) i∈I , there exists an unique C-structure η on X which is initial with respect to ((X i , η i )) i∈I , i.e., such that for any C-object (Y, δ), a map g : (Y, δ) → (X, η) is a C-morphism if and only if for every i ∈ I the composite map
(2) Fibre-smallness. For any set X, the class of all C-structures on X is a set.
(3) Terminal separator property. For any set X with cardinality one there exists precisely one C-structure on X . (
(2) F preserves composite of f and g, i.e.,
(3) F preserves identity morphism, this is to say
(4) F is call isomorphic if F is full and faithful.
Definition 5. Let G : A → B be a functor and B be a B-object. u : B → G(A) is called a universal map for B with respect to G provided that for each A-object A and each B-morphism f : B → G(A ), there exists an unique A-morphism f : A → A such that the diagram commutes: An element a in a complete lattice L is said to be coprime if a ≤ b ∨ c implies that a ≤ b or a ≤ c. The set of all coprimes of L is denoted by c(L). We say a is wedge below b, in symbols, a b or b a, if for every
We know that every element a ∈ L is the supremum of all coprimes wedge below it if L is completely distributive. It is well known that both the way below relation and the wedge below relation have the interpolation property, hence if a b in a completely distributive lattice L and a is a coprime, there is some coprime c ∈ c(L) such that a c b.
Throughout this paper, L is a completely distributive lattice with an order reversing involution . L X is the set of all L-fuzzy sets on X. 1 X and 0 X are the top element and bottom element of L X , respectively. The set of all coprimes in L X is denoted by c(L X ). In this paper, we always assume e ∈ c(L X ) when we take e ∈ L X such that e A for A ∈ L X . Let e|A denote the set {B ∈ L X |e ≤ B ≥ A} for e ∈ c(L X ) and A ∈ L X . For undefined notions and results about complete lattices, please refer to [6] .
[3] Let L be a complete lattice. The following conditions are equivalent:
(1) L is completely distributive; (2) L is distributive continuous lattice with enough coprimes; (3) L is distributive and both L and L op are continuous;
Now, we recall the definition of topology:
In the above definition, if L = {0, 1}, then we will obtain the definition of M -fuzzifying topology; if M = {0, 1}, then we will obtain the definition of L-topology; if L = M = {0, 1}, then we will obtain the definition of general topology.
In this paper, we always take L = M . The category of L-fuzzy topological spaces and L-fuzzy continuous mappings are denoted by L-FTOP and let L-FTOP(X) denote all the L-fuzzy topologies on X.
η is called L-fuzzy co-topology. The category of L-fuzzy co-topological spaces and continuous mappings is denoted by L-FCTOP.
In [4] , Fang introduced the concept of base and subbase in [0, 1]-fuzzy topology and it is easy to generalize them in L-fuzzy setting as follows:
where the expression λ∈∧ B λ =A λ∈∧ B(B λ ) will be denoted by
t∈T be a family of L-fuzzy topological spaces and P t : t∈T X t → X t be the projection. Then the L-fuzzy topology whose subbase is defined by
is called the product topology of
A fuzzy remote neighborhood system is a set R = {R e |e ∈ c(L X )} of maps R e : L X → L such that:
(FRN1) R e (1) = 0, R e (0) = 1;
. The pair (L X , R) is called a fuzzy remote neighborhood space (FRNS, in short), if it also satisfies the following equation:
We call it topological remote fuzzy neighborhood space, in short TFRNS. Let (L X , R 1 ) and (L Y , R 2 ) be two fuzzy remote neighborhood spaces f :
The category of topological remote neighborhood spaces is denoted by L-TFRNS Let η : L X → L be an L-fuzzy co-topology and define R e : L X → L X as follows:
Then R η = {R η e |e ∈ c(L X )} is topological fuzzy remote neighborhood system. Conversely, if R = {R e |e ∈ c(L X )} is fuzzy remote neighborhood systemthen η R is a L-fuzzy co-topology, where η R : L X → M is defined by η R (A) = e ≤A R e (A). Now, we recall that L-TFRNS is isomorphic to L-FCTOP.
Lemma 14.
[14] Let R = {R e |e ∈ c(L X )} be a set satisfying (FRN1)-(FRN3). Then the following two statements are equivalent
. Now we recall some definitions of uniformities. Let H(L X ) denote the set of all mappings f : L X → L X satisfying the following conditions:
(
Definition 15. [7]
A Hutton quasi-uniformity on X is a nonempty subset HU of H(L X ) such that
(L X , HU) is called Hutton quasi-uniform space (or HQUS, for short). HU 1 ) is said to be quasi-uniformly continuous with respect to HU and
L ∈ HU for all g ∈ HU 1 . Let HuQUnif denote the category of HQUSs and quasi-uniformly continuous mappings.
Definition 16. An L-fuzzy quasi-uniformity on X is a mapping U :
The category of L-FQUSs and L-fuzzy quasi-uniformly continuous mappings is denoted by L-HuQUnif.
Relation and Proximity

The relationship between binary relation and S-proximity
In this section, we study the relationship between binary relation and S-proximity.
Definition 17. If R : X × X → {0, 1} satisfies the following properties:
(1) reflexive: for all x ∈ X, R(x, x) = 1; (2) symmetry: R(x, y) = R(y, x); (3) transitivity: x, y, z ∈ X, R(x, z) ≥ y∈X (R(x, y) ∧ R(y, z)) ; then R is an equivalence relation on X. Lemma 19. Let R be a reflexive and transitive relation and define δ R : P(X) × P(X) → {0, 1} by
R(x, y). then δ R is a S-quasi proximity. Furthermore, if R is a equivalence relation, then δ R is a S-proximity.
Proof. We only prove δ R satisfies (P5). Let δ R (A, B) = 0, i.e., x∈A y∈B R(x, y) = 0.
For all x ∈ A, set C x = {z|R(x, z) = 0} and C = x∈A C x . It is easy to verify that B ⊆ C and δ R (A, C) = 0. We can assert that δ R (X − C, B) = 0. In fact, if δ R (X − C, B) = 0, then there exists z ∈ X − C and y ∈ B such that R(z, y) = 1. Since z ∈ X − C, there exists x ∈ A such that z ∈ X −C x . Hence R(x, z) = 1. From transitivity of R, we have R(x, y) ≥ R(x, z) ∧ R(z, y) = 1, it is a contradiction. So δ R (X − C, B) = 0. Now we consider the converse of the above lemma.
Lemma 20. Let δ be a S-quasi-proximity and define R δ : X × X → {0, 1} by R δ (x, y) = δ({x}, {y}). Then R δ is a reflexive and transitive relation. Furthermore, if δ is a S-proximity, then R δ is a equivalence relation.
Proof. We only prove that R δ satisfies transitivity. Let R δ (x, y) = 0, i.e., δ({x}, {y}) = 0. From (P5), there exists C ∈ P(X) such that δ({x}, C) = 0, δ(X −C, {y}) = 0. For all z ∈ X, we can assert
We use S-P ro(X) and S-QP ro(X) to denote all S-quasi proximities and all S-proximities on X, respectively. RT R(X) and ER(X) denote all reflexive and transitive relations, and all equivalence relation on X, respectively. We will get the main theorem in this section Theorem 21. There is a one-to-one correspondence between ER(X) and S-P ro(X). If X is a finite set, there is also a one-to-one correspondence between RT R(X) and S-QP ro(X).
Rough sets induced by S-proximity
Rough set, first described by Pawlak, is a formal approximation of a crisp set (i.e., conventional set) in terms of a pair of sets which give the lower and the upper approximation of the original set. In Pawlak's rough set theory, partition or equivalence (indiscernibility) relation is an important and primitive concept. From above section, we can study rough set from S-proximity.
Definition 22. Let δ be a map from P(X) × P(X) to {0, 1}.
(1) δ l : P(X) → P(X) is called left-δ upper approximation operator, where
δ l : P(X) → P(X) is called left-δ lower approximation operator, where δ l (A) = {C ∈ P(X)| δ(X − A, C) = 0}.
(2) δ r : P(X) → P(X) is called right-δ upper approximation operator, where
δ r : P(X) → P(X) is called right-δ lower approximation operator, where δ r (A) = {C ∈ P(X)| δ(C, X − A) = 0}.
We have the following theorem.
Theorem 23. Let δ be a map from P(X) × P(X) to {0, 1}. then the following statements are hold:
L-fuzzy proximity
In this section, we show that the category of L-fuzzy topological spaces can be embedded in the category of L-fuzzy quasi-proximity spaces as a coreflective full subcategory.
Firstly, we give the definition of L-fuzzy quasi-proximity as follows:
δ is called an L-fuzzy proximity on L X if it also satisfies the following condition:
The categories of L-fuzzy quasi-proximity spaces and L-fuzzy proximity spaces are denoted by LFQProX and L-FProX, respectively.
Note that, Yue showed that
e | e ∈ c(L X )} is a topological fuzzy remote neighborhood system, where
e (A) = e ≤B δ(B , A) for the given L-fuzzy quasi-proximity δ, see [15] . In fact, we can also prove the following similarly results.
Theorem 25. Let (L X , δ) be an L-fuzzy quasi-proximity space and define R δ e : L X → L by R δ e (A) = e ≤B δ(A, B ) . Then R δ = {R δ e |e ∈ c(L X )} is a topological fuzzy remote neighborhood system.
Proof. We need to check (FRN1)-(FRN4) . First of all, (FRN1) and (FRN2) are trivial and (FRN3) is routine. Now we check that it fulfills (FRN4 * ). The key is to prove that
Then there exist B, C ∈ L X such that e ≤ B and t δ(A, C ) ∧δ(C, B ) .
. From the arbitrariness of t, we have
Thus the conclusion holds.
Theorem 26. Let (L X , R) be a topological remote neighborhood space and define
Proof. It is obvious that δ R satisfies (FP1)-(FP2) and (FP4) is trivial. Now we prove that it satisfies (FP3). It suffices to show that
Let t a ≤B R a (A). Then we have t R a (A) for each a ≤ B . By (FRN4 * ), there exists C a ∈ L X with a ≤ C a ≥ A such that t ≤ R a (C a ) and t ≤ ∧ e ≤Ca R e (A) for all a ≤ B . Now let C = ( a ≤B C a ) . Then we have C ≤ A and B ≤ C. Therefore, we have Thus t ≤ C∈L X ( a ≤C R a (A) ∧ a ≤B R a (C )). So (FP3) is obtained from the arbitrariness of t.
Remark 27. Let (L X , R) be a topological remote neighborhood space and define
is also an L-fuzzy quasi-proximity. If R satisfies the following properties:
Then δ (R) = δ R .
Theorem 28.
(1) Let (L X , R) be a topological remote neighborhood space. Then R δ R = R.
(2) Let (L X , δ) be an L-fuzzy quasi-proximity space. Then δ R δ ≤ δ.
Proof.
(1) On one hand, we have 
(2) It needs to prove that
L (e) (B) for all e ∈ c(L X ) and B ∈ L Y . In fact, we have
From Theorem 28 and Theorem 29, we also can get the following result.
Theorem 30. FRNS can be embedded in L-FQProX as a bicoreflective full subcategory. Hence, L-FCTOP can be embedded in LFQProX as a bicoreflective full subcategory.
